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Grand unified models of elementary particle interactions contain stable superheavy
magnetic monopoles. The density of such monopoles in the early universe is estimated
to be unacceptably large. Cosmological monopole production may be suppressed if the
phase transition at the grand unification mass scale is strongly first order.

There has been much interest recently in grand
unified models of elementary particle interac-
tions,! in which a simple gauge group breaks
down at a very large mass scale to a group con-
taining the SU(3)®SU(2)® U(1) of the strong, weak,
and electromagnetic interactions. Because the
unbroken symmetry group contains a U(1) factor,
general arguments? imply that such models con-
tain topologically stable solitons which carry U(1)
magnetic charges and have masses of the order
of the scale of the symmetry breakdown. In this
note, I will argue that an unacceptably large num-
ber of such superheavy magnetic monopoles (M)
and antimonopoles () might have been produced
in the early universe, indicating a possible dis-
crepancy between standard big-bang cosmology
and grand unified models.

The masses of the superheavy particles in
grand unified models are characterized by a zero-
temperature scalar-field® expectation value, v,
which is expected to be of the order of 10'° GeV.*
The M mass is approximately given by m = v,
where & is the M U(1) magnetic charge.?’> The
smallest allowed magnetic charge is 2 =21/gq,
where ¢ is the minimal U(1) charge of a particle
which transforms as a singlet under the unbroken
subgroup.? If symmetry breakdown occurs at
many different mass scales, then the M mass is
determined by the largest scale at which a U(1)
factor appears in the unbroken subgroup, but its
classical size at zero temperature is of the order
of @ in)” Y, where v ; is the smallest mass scale
at which the U(1) factor is altered.

If the temperature T is greater than a critical
temperature 7., which is of the order of v,,° the
full gauge symmetry is restored, and no M’s are
present. Suppose that very early in the history
of the universe, T exceeds T,.” When the uni-
verse cools below T, M’s can be produced. Be-
cause M’s, unlike the other superheavy particles
in these models, are absolutely stable, their den-
sity per comoving volume can be reduced only by
annihilation of M-M pairs. We will see that the
expansion of the universe halts this annihilation
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process. If M’s are produced copiously when T
= T,, then many M’s remain when the temperature
is much lower—enough to dominate the mass den-
sity of the universe by many orders of magnitude.
In a recent, paper, Zel’dovich and Khlopov®
have considered the cosmological production of
M’s with a mass of order 10* GeV. However,
these authors make the implausible assumption
that collisions produce a thermal density of M’s
when T'sT,. Iwill argue that, if the phase transi-
tion at 7' =T, is second order (or weakly first or-
der), the production of an appreciable density of
M’s is a consequence of the large fluctuations
near the critical point. If the phase transition is
strongly first order, the situation is less clear,
and the density of M’s may be tolerably small.
We need to estimate both the M density pro-
duced initially and the rate at which the density
per comoving volume decreases. Since the latter
question can be answered more precisely, I con-
sider it first.® Below a temperature 7T'; at which
the M production rate is negligible compared with
the expansion rate of the universe, the M density
is governed by the rate of M-37 annihilation. If
we may ignore M-M correlations, we have

dn/dt =-Dn® - (3R/Rn, (1)

where »n is the M density per unit volume (M and
M densities are assumed equal), R is the scale
factor of the universe, and D characterizes the
annihilation process. If the expansion is adiabat-
ic (RT= const) and the universe is radiation-domi-
nated, the expansion rate is'®

R/R=-T/T =T?/ Cms,. (2)

Here, T is the temperature of the universe, mp
=G"Y2=1,2X10" GeV is the Planck mass, and C
=(45/4nm°N)V2=0.60N "V2, where N is the effective
number of spin degrees of freedom due to par-
ticles light compared with the temperature.’* If
D depends on the temperature like a simple pow-
er, D =(A/m?)(m/T), Eqgs. (1) and (2) can be in-
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tegrated:
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where v =n/T®. If p<1, the expansion of the uni-
verse cuts off the annihilation when T« T';, and
v(T) approaches a constant value. If p>1, the
annihilation persists at low temperatures; for

T « T;, the density becomes independent of its
initial value, and is given by
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if #(T) < »(T;).

For T less than the inverse size of the M, the
interactions between M and light charged parti-
cles, and between M and M, are dominated by
the long-range magnetic coupling. We can esti-
mate scattering cross sections by calculating
them classically. M-M can annihilate by captur-
ing each other in magnetic Coulomb bound states,
and then cascading down. As long as the M mean
free path A is shorter than the capture distance
a. =h®/4nT, the annihilation rate is given by the
flux of M’s diffusing through the dense plasma of
charged particles toward an M. This flux is ¢
=h®(1/mn, where T is the mean time between
collisions in which the M is scattered by a large
angle. The cross section for large-angle scatter-
ing of a thermal relativistic particle with charge
q is 0= (hq/47)?*T™2, and the M is itself scattered
by a large angle after m/T encounters. There-
fore the collision time is T *=m (B7?)"! where B
=(3/41*)z(3)20;(hq;/47)?. (The sum is over all
spin states of relativistic charged particles). We
see that D in Eq. (1) is D=¢n " '=r2(BT?) 1. At
the temperature T, =(4n/h?)*m B2 at which A= a,,
Eq. (4) gives

1 /47\% m
@)= () 6)

if 7(T;) < 7(T;).

When T < Ty, M and M can capture each other
only by emitting radiation, and D in Eq. (3) is
(ov), the average value of the product of the M-M
capture cross section and the relative velocity.
A classical calculation yields D = (h2/ 4n)%m ~2(m/
T)°°, From Egs. (3) and (5), we see that cap-
ture by emission of radiation does not reduce
7(T) below (7)., If (T;) is smaller than the
right-hand side of Eq. (5) (about 1071° for =~ 10
GeV, 1?/4n~"75, and B~ 10) annihilation does not
reduce » at all for T<T;, as long as M-M cor-
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relations are negligible.

I have neglected the size of the M. However,
when 7 sv ;, = 250 GeV, the classical size b of
the M grows to b~ v ; ~*, which is large com-
pared with (#%/4nT)(T/m)¥1°, the typical impact
parameter for which capture can occur by emis-
sion of radiation. Hence the capture cross sec-
tion may be dominated by nonelectromagnetic in-
teractions. If one makes the very optimistic as-
sumption that an M -M pair with an impact pa-
rameter of order b can capture by emitting light
scalar particles, then D in Eq. (1) is D ={ov)
~p3(T/m)V?. For T;~v ., Eq. (3) gives us #(T)
R Q i/ Cmp) /v 130)Y2, if 7(T) < 7(T;). Compar-
ing with Eq. (5), we see that capture by scalar
emission cannot reduce » significantly unless m
Z 10'® GeV. For smaller values of m, the size
of the M can be safely ignored.

I have also neglected correlations between M’s
which may be produced by the gravitational ef-
fects of inhomogeneities in the energy density of
the universe, When electrons and positrons freeze
out at T<1 MeV, the mean collision time of the
M becomes large enough so that such effects are
potentially important. When galaxies form, M’s
and M’s accumulate rapidly in the cores of galax-
ies and stars, where the annihilation rate is great-
ly enhanced by the relatively large number den-
sities.

Experimental limits'® on the M flux in cosmic
rays do not apply if m = 10'® GeV. Such massive
M’s are not accelerated to relativistic velocities
by galactic magnetic fields, and so do not ionize
strongly. Also, they do not bind to matter in
Earth’s crust, because of the strong pull of
Earth’s gravitational field. We can, however, ob-
tain a bound on the present value of ¥ from the
simple observation that the mass density due to
M’s must not exceed the limit on the mass density
of the universe imposed by the observed Hubble
constant and deceleration parameter.'®* This con-
straint is (2.7 °K) < (10 eV)/m, or » <1072* for
m=~ 10" GeV. To find a bound on »(T) which ap-
plies when Eq. (1) is still valid, we note that the
standard scenario of helium synthesis requires
that the mass of M’s does not dominate the uni-
verse when T=1 MeV. We demand that

7(T =1 MeV) < (1 MeV)/m, (8)
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or v =1071° for m ~ 10'® GeV. Since M-M annihil-
ation cannot reduce a large initial density below
¥ =1071% we conclude that »(7;) < 1071S,

Now we must estimate the initial density »(7;).
As the universe cools below T, one does not ex-
pect M-IM pairs to be brought into statistical
equilibrium by collisions, because M-M pair
production is expected to be suppressed by a
small factor of order exp(—a/g?).*® Neverthe-
less, when T's T,, the scalar field ¢ undergoes
large random fluctuations; the zeros of ¢ can be
identified as M’s and M ’s. Positions of M’s and
M’s are strongly correlated on a scale of the or-
der of the correlation length,'® which is the in-
verse of the largest scalar or vector mass. As
T decreases, M’s and M’s pair up and annihilate,
but pairs which are widely separated can survive.

When T is far enough below T, large fluctua-
tions have no significant effect on M-M annihila-
tion. The criterion for large fluctuations to be
unimportant is 7'< T;, where'’

AV2T o/l am (Tg)]= 1. (")

Here, v(T) =v (1 -T%/T?)¥? is a scalar field ex-
pectation value and 2 is the largest scalar self-
coupling in the theory, normalized so that m 4(T)
=aY2y(T) is the largest scalar mass. The most
optimistic assumption we can make is that M’s
and M’s annihilate rapidly enough to remain in
statistical equilibrium until 7= T;. In that case,
when T~ T, the density of widely separated M-
pairs is suppressed by a Boltzmann factor:

7(Tg)= expl—m (T¢)/ Tel= exp(-1V?/g), (8)

where g is the gauge coupling. If \¥2g"! is not
large, there are many unpaired monopoles. After
closely paired M’s and M’s annihilate, the widely
separated M’s which remain feel only the long-
range magnetic coupling. When typical M -M sep-
arations are of the order of a,~h*/4nT, M-M cor-
relations may be ignored, and Eq. (1) applies.
Hence the initial M density in Eq. (3) should be

of the order of »(T,;)= (4n/h?)3~ 107,

It appears that M’s and M’s are copiously pro-
duced when T= T,. The rapid expansion of the
universe prevents the complete annihilation of
M’s, so that M’s dominate the energy density of
the universe before the time of helium synthesis.
This conclusion, which is incompatible with stan-
dard cosmology, might be avoided if there is a
scalar self-coupling A which is sufficiently large
that exp(-2YV2g"1) <1079, If g%/47= 1/45 at the
grand unification scale, the required value of A
is so large that it interferes with the integration

of the renormalization-group equations down to
ordinary energies. One should note, though, that
the suppression factor in Eq. (8) is very sensitive
to numerical factors which may occur in the ex-
ponent, but cannot be calculated accurately.

The above discussion applies if the phase transi-
tion is second order. If the phase transition is
strongly first order, #(T;) is more difficult to
estimate; conceivably, M production is severely
suppressed. In a first-order phase transition,
expanding bubbles of the stable asymmetric vacu-
um form in the metastable symmetric vacuum
when 7 is of the order of a nucleation tempera-
ture Ty.'® M’s can be produced by expanding bub-
bles or collisions between bubbles, but one might
hope that, if the discontinuity in the M mass is
large compared with Ty, #(T;) can be as small
as 107!%, A strongly first-order phase transition
can be generated by an explicit cubic term in the
scalar potential, or by higher-order corrections
to the finite-temperature effective potential,®
Such higher-order corrections are important if
the scalar mass matrix has eigenvalues which
are sufficiently small. In particular, an inter-
esting possibility is that M production is strongly
suppressed when bare scalar masses vanish,2°

This possible conflict between big-bang cosmol-
ogy and grand unified models might be resolved
in several less attractive ways. Perhaps there
is no grand unification. If the gauge group con-
tains a U(1) factor at arbitrarily large mass
scales, there need never be any M’s. Perhaps
the universe was never so hot that symmetry res-
toration occurred. Then, however, the baryon
excess in the universe is no longer explained.”

Perhaps M production does not occur if the uni-
fication scale v is quite close to the Planck mass
mp. If the M mass exceeds mp, quantum gravity
corrections might invalidate the analysis in this
note. The standard calculations, however, sug-
gest that v, is comfortably below mp.t*

Finally, consider the consequences of a lower
unification scale. The constraint in Eq. (6) can
be satisfied by » as given in Eq. (5) for m < 10**
GeV. However, a grand unification scale as low
as 10'° GeV seems to be ruled out by the observed
bound on the lifetime of the proton.*
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